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Introduction

A CCURATE predictions of divergence and � utter behavior
are important to assure that the � ight vehicle is free of

unstable modes within its mission velocities. Aeroelastic tai-
loring, a design process in which the main objective is reach-
ing the minimum weight by positively utilizing the directional
stiffness property of composite structures, has increasingly be-
come an integral part of formal design procedure in � ight
structures.1 As the major element of aeroelastic tailoring, struc-
tural and dynamic behaviors of laminated composite materials
need to be understood.

Past studies have analyzed the effects of variation of lami-
nate parameters, usually ply orientation or some other measure
of bending-torsion coupling. An analytical investigation to de-
termine the effects of bending-torsion stiffness coupling on
divergence and � utter velocities of unswept, rectangular can-
tilevered graphite/epoxy plates were given in Ref. 2. By using
a � ve-mode Rayleigh– Ritz formulation, the study showed that
an unbalanced laminated composite wing, with negative stiff-
ness coupling, experienced divergence, while positive coupling
delayed the onset of � utter. They also experimentally showed
that torsion and bending stall � utter occurred at high angles of
attack, while divergence and bending-torsion � utter were crit-
ical at low angles of attack.

The same type of unbalanced laminate [u2/0]s, but for an
entire range of 290 deg # u # 90 deg and using eight and
nine modes, is analyzed in Ref. 3. The study showed that
except for a small range around 0 and 290 deg, negative
coupling causes a � rst-bending divergence, while positive
coupling gives an in� nite divergence velocity. The results are
found to be in agreement with the experimental results of
Ref. 2.

Unlike other studies, this paper investigates both � utter and
divergence instabilities for the entire range of [6u/0]s type
balanced laminate of moderate to high aspect ratio and in-
cludes eight and nine modes. The Rayleigh– Ritz method is
chosen owing to its nature of identifying individual contribu-
tions of each mode into overall system response. A modi� ed
Theodorsen two-dimensional aerodynamic theory that ac-
counts for parabolic deformation effects of the airfoil camber
as derived by Spielberg in Ref. 4 is used. The results showing
the effects of chordwise vibrations on the bending-torsion stiff-
ness coupling as a function of aspect ratio and ply orientation
angle are presented.

Analytical Model
The composite lifting surface is idealized as a rectangular

plate in a uniform incompressible air� ow in the direction of
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the negative chordwise y axis. The out of plane de� ection of
the plate in generalized coordinates is expressed as follows:

n

w = g (x, y)q (t) (1)i iO
i=1

where w is the lateral de� ection, q i(t) is the generalized dis-
placement of the ith mode, and gi(x, y) is as follows:

g (x, y) = F(x)?C(y) (2)i

Three types of deformation mode shapes can be expressed
as cantilevered beam modes for spanwise bending and torsion
and free-free beam vibration modes for chordwise bending,
and can be represented analytically by the following orthog-
onal functions:

F (x) = C [sin b x 2 sinh b x 2 a (cos b x 2 cosh b x)]Bn n n n n n n

C (y) = 1Bn

(2m 2 1)py
F (x) = C sin , m = 0, 1 . . .Tm m F G2L

1 2y
C (y) = 1 2 (3)Tm S D2 C

C (y) = [sin b y 1 sinh b y 1 a (cos b y 1 cosh b y)]Cp p p p p p

C x xp
F (x) = 1 2Cp S DL L

where bn, an, bp, and ap are the mode shape function coef� -
cients.5

Using the Rayleigh– Ritz method and assuming no structural
damping, the aeroelastic equations of motion of the model are
obtained in the form given as follows:

[M ]{q̈} 1 [K ]{q} = {Q } (4)a

where [M ] and [K ] are n 3 n structural mass and stiffness
matrices, which can be derived by taking the partial derivatives
of kinetic- and strain-energy functions for symmetric laminate,
respectively.3 {Qa} is the generalized unsteady aerodynamic
force vector, and {q} is the vector of the generalized coordi-
nates. The unsteady aerodynamic model is based on thin airfoil
assumptions. Spielberg4 derived relationships for the unsteady
aerodynamic lift and moment coef� cients for rigid-body bend-
ing, rigid-body torsion, and parabolic deformation of the airfoil
camber as a function of reduced frequency and elastic axis
position when the airfoil oscillations are of simple harmonic.
The generalized modal aerodynamic force for simple harmonic
motion is

n

2 2 ivtQ (t) = prv b e A q (5)i ij jO
j=1

where Aij are the elements of the n 3 n aerodynamic in� uence
matrix that has a complex form because of aerodynamic damp-
ing.3

By using the same harmonic motion expressions for the gen-
eralized displacements, the equations of motion for � utter anal-
ysis are expressed in the form given next:

2 2([K ] 2 v [B ]){q̄} = 0 with [B ] = [M ] 1 prb [A] (6)

Because of the complex incompressible aerodynamic terms,
[B ] matrix contains complex terms. Among the various solu-
tion techniques, the U-g method is used. By assuming a single-
value arti� cial damping of g, the damping coef� cient is intro-
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Fig. 2 Effects of chordwise modes on � utter velocities as ply ori-
entation angle changes, aspect ratio = 8.

Fig. 3 Percentage increment in divergence speed Ud as a result
of the inclusion of CVMs as a function of aspect ratio.

Fig. 1 U-g diagram for [660/0]s balanced laminate, aspect ratio
= 4.

duced in the system by multiplying [K ] by (1 1 ig). This gives
an eigenvalue problem in the form

2([B ] 2 z[K ]){q̄} = O with z = (1 1 ig)/v (7)

The eigenvalue problem shown in Eq. (7) is solved for U
and g values by assuming a wide range of reduced frequencies.
Flutter and divergence velocities and the modes associated
with a particular instability are then determined.

Numerical Investigation and Discussion of Flutter
and Divergence Results

A multilayered T300/5208 graphite/epoxy plate model is
used in the numerical studies. The analysis was performed with
eight (four bending and four torsional), and nine (four bending,
four torsional, and one chordwise bending) modes for aspect
ratios of 2, 4, 6, and 8. The entire range of 290 deg < u < 90
deg of [6u/0]s balanced laminate was studied. For each case
the � ve lowest modes were analyzed with the U-g plot to de-
termine the � utter and divergence velocities.

It is shown that the inclusion of Chordwise Vibration Mode
(CVM) has a signi� cant in� uence on the amount of bending-
torsion coupling. For example, for aspect ratio 4, a very strong
bending-torsion coupled � utter mode is observed for ply ori-
entation angle ranges of 270 deg < u < 250 deg and 50 deg
< u < 70 deg. Figure 1 shows this effect for [60/0]s laminate.
Without CVM it is observed that second bending mode be-
comes unstable with the � rst torsion mode coming close to the
� utter region and causing somewhat coupled � utter. However,
the presence of CVM switches the � utter from second bending
to � rst torsion and also totally stabilizes the second bending
branch, causing a lower � utter speed. On the other hand, for
[760/0]s laminate as opposed to [660/0]s laminate, inclusion
of CVM increases the � utter speed by switching the � utter
mode from torsion to bending. As the aspect ratio gets higher,
inclusion of CVM affects the � utter speed but not the � utter
mode (Fig. 2). For aspect ratio 8 and the [660/0]s model, for
example, the � utter speed is reduced from 39.4 m/s to 36.6 m/
s, but the � utter mode remained as the � rst torsion.

The implications of the bending-torsion coupling and the
in� uence of CVM on divergence boundaries were also studied.
Naturally, the divergence velocities showed an opposite trend
to � utter. It was observed that [6u/0]s laminate always exhib-
ited a � rst bending divergence. Therefore, it is accurate to in-
dicate that the in� uence of CVM on divergence is directly
related to the in� uence on the � rst bending mode. First bend-
ing mode is usually a very fast converging mode and is not
in� uenced by the inclusion of CVM. However, a portion be-

tween 290 deg < u < 245 deg and 75 deg < u < 90 deg is
affected by the inclusion of CVM. This affect increases as the
aspect ratio gets larger. Unlike the � utter velocity, a trend was
observed on the affect of the CVM on divergence. Figure 3
shows that the in� uence of CVM on divergence within the
range of the lamina angles, indicated earlier, dramatically in-
creases as the aspect ratio increases. However, a similar gen-
eral conclusion cannot be drawn for � utter because the in� u-
ence of CVM on � utter is more complicated and involves
different mode types for the same laminate with different as-
pect ratios.

Another point is that divergence might be eliminated for a
certain range of [6u/0]s laminates. The increase in aspect ratio
widens the divergence-free region. It seems that for high-as-
pect-ratio lifting surfaces, a laminate design with positive top
and bottom angles is very reasonable because the sign does
not affect the � utter velocity and divergence is eliminated. This
general conclusion cannot be drawn for smaller aspect-ratio
wings because the opposite trends between the divergence and
� utter boundaries become much more substantial.

Concluding Remarks
Tailoring studies were performed showing the effects of

chordwise vibration mode on the � utter and divergence be-
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havior of moderate- to high-aspect-ratio balanced laminated
lifting surfaces as a function of ply angles. The numerical re-
sults indicate the strong in� uence of CVM inclusion in aero-
elastic instability computations. With the inclusion of CVM, a
better convergence in mode shapes is obtained regardless of
the aspect-ratio effects. For moderate-aspect-ratio lifting sur-
faces the inclusion of CVM switches the � utter mode from
second bending to � rst torsion, or from � rst torsion to second
bending as a function of laminate orientation angles. At high-
aspect-ratio lifting surfaces the inclusion of CVM affects the
� utter speed but does not in� uence the � utter mode type. In
divergence the inclusion of CVM becomes more critical within
certain ply angles for lifting surfaces of aspect ratios larger
than 6. For high-aspect-ratio lifting surfaces, a laminate design
with positive top and bottom angles is recommended.

The results presented would be very helpful in design, par-
ticularly at the initial design phase to size the lifting surface
to achieve mission velocities of the � ight vehicle to be free of
aeroelastic instabilities.
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Multiple Attractors in
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Nomenclature
Ix, Iy, Iz = roll, pitch, and yaw inertia, respectively
i1, i2, i3 = cyclically (Iz 2 Iy)/Ix, etc.
l, m, n = roll, pitch, and yaw moment coef� cients,

respectively
p, q, r = roll, pitch, and yaw rates, respectively
y, z = side and normal force coef� cients, respectively
a, b = angle of attack and sideslip, respectively
da, de, dr = aileron, elevator, and rudder de� ection,

respectively

Subscripts
a, p, . . . = stability derivative with respect to a, p, . . .
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Superscripts

ˆ = division by either i1, i2, or i3
9 = transpose

I. Introduction

I NERTIA-coupled rapid roll maneuvers of aircraft involve
nonlinear dynamics that tend to result in excessive sideslip

and undesirable pitching motion, and that need to be avoided
to prevent instability and the loss of pilot control.1 In a roll
maneuver initiated by an aileron de� ection, this calls for use
of the rudder to counter the sideslip, and elevator de� ection to
control the pitching motion. However, the nonlinear nature of
the problem makes it dif� cult to prescribe the required rudder
and elevator de� ections for a given aileron de� ection or roll
rate demand.

Signi� cant progress in the solution of the problem of inertia-
coupled rapid rolls could be achieved only after the instability
was identi� ed with a jump phenomenon. Schy and Hannah2

showed that large sideslips and pitch rates are created when
the system jumps at a saddle-node bifurcation point from one
attractor (stable solution) to another with typically large values
of roll rate, pitch rate, and sideslip. They used the customary
� fth-order pseudosteady-state (PSS) approximation3 with a lin-
ear aerodynamic model, and aileron de� ection as the param-
eter. In the absence of a nonlinear aerodynamic model in their
analysis, the jump phenomenon could be attributed solely to
the effect of the nonlinear inertia coupling terms. Their study
was extended to include nonlinear aerodynamic effects by
Young et al.4 In recent years, continuation methods have been
used by Jahnke and Culick5 to evaluate jump in rapid roll
maneuvers for the F-14 with a nonlinear aerodynamic model.

On the basis of Schy and Hannah’s work,2 the problem of
limiting sideslip and pitch rate in inertia-coupled roll maneu-
vers could be restated as the equivalent problem of avoiding
the saddle-node bifurcation and multiple attractors in the PSS
formulation. Carroll and Mehra6 described a nonlinear varia-
tion of the rudder de� ection as a function of the aileron de-
� ection, called an aileron– rudder interconnect (ARI), that
would avoid jump. Ananthkrishnan and Sudhakar7 devised a
linear ARI strategy to avoid the saddle-node bifurcation by
using the idea of tuning a perturbation parameter across a
transcritical bifurcation. Inertia-coupled roll maneuvers with a
zero-sideslip constraint, called coordinated rolls, were studied
by Ananthkrishnan and Sudhakar.8 Coordinated rolling was
seen to avoid multiple attractors, and thus prevent jump, but
this required a nonlinear ARI relationship.

Velocity-vector roll (VVR) maneuvers, where the angular
velocity vector coincides with the � ight path (linear velocity
vector), have been considered by designers as a possible strat-
egy to limit sideslip and pitch rate in rapid roll maneuvers of
aircraft.9 The aim of this Note is to investigate whether a VVR
strategy eliminates multiple attractors and prevents jump in
rapid roll maneuvers.

II. Pseudosteady-State Analysis
The � fth-order PSS equations in the � ve variables (p, q, r,

b, and a) are solved with the linear aerodynamic model of
aircraft B of Schy and Hannah.2 The use of a linear aerody-
namic model ensures that the nonlinear behavior is only a re-
sult of the inertia coupling nonlinearities. The inclusion of non-
linear aerodynamic terms to this model is expected to provide
better quantitative values at large angles of attack and sideslip,
while maintaining an unchanged qualitative picture. In partic-
ular, for the limited aim of this study, the presence of multiple
attractors is expected to be unaffected by the nonlinear aero-
dynamics. In fact, it is noticed that the numerical values for
jump onset obtained with the linear aerodynamic model are
fairly accurate as long as the saddle-node bifurcation point
occurs for small angles of attack and sideslip.


